Dirac monopoles embedded into SU{N) - gauge theory with 9 - term 



(N 
O 

o 

(N 

> 
O 

On 

in 

> 

00 

o 

ON 

o 
o 



Oh! 



X 



M. A. Zubkov0 

ITEP, B.Cheremushkinskaya 25, Moscow, 117259, Russia 
(Dated: October 1, 2002) 

We consider Dirac monopoles embedded into SU (N) gauge theory with theta-term for 9 — AttM 
(where PI is half-integer for N = 2 and is integer for N > 2). Due to the theta - term those 
monopoles obtain the SU{N) charge and become the dyons. They belong to different irreducible 
representations of SU{N) (but not to all of them). The admitted representations are enumerated. 
Their minimal rank increases with increasing of A*'. The main result of the paper is the representation 
of the partition function of SU{N) model with theta-term (that contains singular gauge fields 
correspondent to the mentioned monopoles) as the vacuum average of the product of Wilson loops 
(considered along the monopole worldlines). This vacuum average should be calculated within the 
correspondent model without theta-term. 

PACS numbers: 14.80.Hv, 11.15.-q, 12.10.-g 



The concept of monopole (see. [|]) was originally as- 
sociated with singular field configurations in the electro- 
dynamics, which carry magnetic charge. Self energy of 
Dirac monopoles in the U{1) gauge theory is divergent, 
which complicate considerably their physical interpreta- 
tion. 

In nonabelian gauge theories monopoles appear first 
as solutions of classical equations of motions in the 
model that contains adjoint scalar field Q. These 
objects are known as 'tHooft - Polyakov monopoles. 
The correspondent field configurations are regular and 
carry finite energy. In spite of this 'tHooft - Polyakov 
monopoles possess some of the characteristic features of 
Dirac monopoles, which are connected in general with 
quantization of magnetic charge. 

Later similar constructions were found within a greate 
number of models (see., for example |^). The quantum 
objects which correspond to these solutions of equations 
of motion are the topological defects, i.e. topologically 
nontrivial field configurations. In the particular case of 
the topological defect, which position is constant in time, 
the solution of classical equations of motion (considered 
within the space-time, from which the worldline of topo- 
logical defect is cutted) reproduces the classical monopole 
solution. In such a way Dirac monopoles arise from the 
topological defects of U{1) gauge theory Q| while t'Hooft 

- Polyakov monopoles arise from the topological defects of 
Georgy - Glashow model. Below both solution of classical 
equation of motion and correspondent topological defect 
will be referred to as " monopole" . Let us notice that two 

- dimensional objects can be considered in analogous way. 
For example, Abrikosov - Nielsen - Olesen strings corre- 
spond to quantum topological defects of Abelian Higgs 
Model §. 

It follows from the topological consideration that in 
pure SU{N) gauge theory there is no classical monopole 
solution. However, due to the investigation of confine- 
ment mechanism in the abelian projection of gluodynam- 
ics and also due to the investigation of the electroweak 



theory at finite temperature recently the interest arises 
to the topological defects of other models which are em- 
bedded into nonabelian gauge theory It is worth 
mentioning that contrary to the usual monopoles the em- 
bedded ones are unstable in most cases ( 0). In 
spite of this their connection with the dynamics is rather 
essential. For example, in the lattice electroweak theory 
at finite temperature their behavior is connected with the 
nature of the Electroweak phase transition [^. In the 
abelian projection of the gluodynamics the monopoles 
correspondent to the remaining U{1)^~^ symmetry |^ 
turn out to be responsible for the confinement ||l^. It 
is important here to note that there exist different ways 
to embed abelian monopoles into nonabelian model. The 
way we extract abelian variables from nonabelian ones is 
the essence of this difference. 

More than 20 years ago E.Witten showed that 't Hooft 
- Polyakov monopoles become dyons in the model which 
action contains theta - term. In the consideration 
was of quasiclassical nature and was applied to the model 
that contains additional adjoint scalar field. 

In the present work we investigate the influence of the 
theta - term on the dynamics of quantum monopoles in 
the pure SU{N) gauge theory. We come back to Dirac 
construction and consider it's direct generalization to the 
case of SU{N) gauge theory. The objects thus arising 
turn out to be Dirac monopoles, which are embedded 
into SU{N) gauge theory and correspond to the factors 
of U{1)^^^. We omit the question about their possible 
instability and about the divergence of the self-energy. 
(Some related notes the reader can find at the end of 
this paper.) 

We prove that the monopoles defined in such a way 
turn out to be charged and belong to different irreducible 
representations of SU{N). Interesting property of the 
construction is that the theta - term can be seen only 
through the appearance of the SU{N) charge of the 
monopole. It's topological part proportional to the num- 
ber of instantons disappear from the expression of the 



2 



partition function for those values of 9, which provide 
the monopole with integer SU{N) charge. More expHcit, 
the partition function of the theory (that belongs to wide 
class of SU{N) models) with theta-term, which contains 
singular configurations correspondent to our monopolcs 
(and does not contain other singular configurations), is 
equal to the vacuum average within the theory without 
theta-term of the product of the Wilson loops, which 
correspond to monopole worldlines. Each wilson loop is 
considered in the irreducible representations of SU{N) 
group, which is defined by the type of field singularity 
along the correspondent monopole worldline. 

Let us mention that the definition of the embedded 
monopole used in this work differs from the definition of 
the monopole with even Qm considered in [|2| . The last 
one can be treated as appeared as a result of application 
of some singular gauge transformation to regular gauge 
field. As it will be seen below the field singularities which 
we consider in this paper can not be constructed in such 
a way. 

Dirac monopoles in four dimensional Euclidian C/(l) - 
gauge theory are defined as follows Q|. Let Ai be the 
gauge field and Fij be the correspondent field strength. 
It is admitted that A can be singular along the surface 
S, which boundary is the monopole worldline. The field 
strength is defined on base of the following expression: 

i / Ff,^{y)dx^'dx'' = exp(i / A,dx^) - 1 (1) 

Js Jds 

Here s is infinitely small surface and the parallel trans- 
porter is defined along the boundary of this surface 
{y e ds). For regular A, Fij = d[iAj], while along E 
this expression is deformed by subtracting the singular- 
ity correspondent to the Dirac string. In some gauge the 
field, which corresponds to the monopole worldline j and 
it's Dirac string S, is expressed as A^ — ^'+v4* [S], where 
A is regular part and As satisfies the equation: 

d\*DY^ = -2t:J'' (2) 

Here {x) = I^eap^^S{x - z{T))d^T, the in- 
tegration is performed over the surface S. Points z of 
this surface are parameterized by the variable , a = 
1,2: z = z{t). We assume that D is regular every- 
where except monopole worldline; = Lf^kimj^im..^ 

= — Jj ^5{x~ z{s))ds (We parameterize points z{s) 
of the monopole worldline j by the variable s.) Further 
it will be uscfuU to choose D and Ag in such a way, that 
near monopole worldline As ~ -i, where r is the distance 
between the given point and j. Also we shall imply that 
A\^j^ = on the monopole worldline. 

We can express the field strength as F*^ = — 
^^ijki^ki^ The singularity (3[iAj] along E is cancelled 
by the term that contains fi. Thus the field strength is 
singular only along the boundary of this surface. 



These singular gauge fields satisfy the equation 

Qzi^*pyk ^ 2ttJ'' (3) 

Here {*Fy'' = i^tkimpim_ Expression (|) shows 
that our singular field configurations do represent Dirac 
monopoles because J is the monopole current while *F 
is the tensor dual to the field strength tensor. 

We start to generalize this construction to the case of 
SU{N) theory with the attempt to generalize the equa- 
tion (|3|). We consider SU{N) gauge theory in the 4 - 
dimensional Euclidian space and denote the gauge field 
as A, = A% e su{N). Here n {b = 1,...,N^ - 1) 
are the generators of su{N) algebra. This generators 
are normalized by the condition TrT^^ = 1. For regu- 
lar A the field strength Rij is equal to d[iAj] + i[Ai, Aj]. 
The definition of the field strength for the field, which 
contain the singularity along 2 - dimensional surface, is 
based analogously to the abelian case on the expression 
i Jg Rfiu{y)dx^^ dx" — P exp(i J^^ Aidxi) — 1. Here again s 
is the infinitely small surface and the parallel transporter 
is defined along it's boundary. 

For the case of regular fields there takes place Bianchy 
identity d'{*Ry'' + i[A\ (*i?)^*=] = 0, in which {*Ry'' = 
i^ikim-p^im^ This identity is analogous to the abehan 
identity d^[*Fy^ — 0. It can be deformed to the type 
that contains monopole current in the case when the field 
is singular and the definition of the field strength is de- 
formed in the correspondent way. 

Thus our aim is to found such configurations of the 
field A, that their strength satisfy the anomalous Bianchy 
identity 

d'CRy'' + i[A\ CRT''] = 27rj'=n (4) 

Here matrix n is the element of su{N) algebra. Gauge 
transformation g acts on it in the following way: n — > 
gng^ If j has no selfintersections we can always choose 
the gauge in which n is cartan element. Thus the abelian 
nature of the monopoles defined by the condition (^) 
is discovered. They must correspond to the factors of 
C/(l)^~^ subgroup, which generators are Cartan ele- 
ments of su{N). Such monopoles are Dirac ones em- 
bedded into SU{N) gauge theory. 

Below we point out the construction of these objects. 
As for the case of t/(l) monopoles they appear if we sup- 
pose that gauge field is singular along the surface S, while 
the field strength R is admitted to be singular only along 
it's boundary j (which is the monopole worldline). Both 
j and E are supposed to be smooth and having no self- 
intersections. 

Let 5*1 be the small circle of radius r that links E. It be- 
longs to the plane orthogonal to S. This plane intersects 
E in the center of the circle. Via the gauge transforma- 
tion the fields along all such loops can be made diagonal. 

A\y ^ An 

n£su{N);AeR (5) 
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where A and n are independent of the point of 5*1; 

is the unity vector which is along 5*1. The regu- 
larity of the field strength on E causes the equation 
Pexp(z Jg^A^dx^) = 1. The field A satisfies it if we 
choose 



r 



(6) 



at r — > 0. Diagonal elements of the matrix n should be 
integer numbers. We consider such field configurations 
that the field in other directions remains regular when we 
approach S. Generally the surface S consists of several 
pieces. Each piece of the surface carries it's own n. We 
can write symbolically S = 

Now let us consider the plane (ij) such that the di- 
rection (i) is along Si and the direction (j) is along E. 
Then the requirement that the field strength R should 
be regular leads to: 



\A, 



0, 



(7) 



on E. The equation (Q) shows that the gauge field is 
effectively abelian along the surface S. Further we shall 
imply that (0) is valid also on the boundary of S. This 
additional requirement is rather strong. It provides that 
the commutator of the gauge fields cannot contain the 
singularity, which would cancel the monopolc singularity 
of the abelian part of the field strength. 

We arrive at the definition of the singular gauge field 
correspondent to [/(l)^"^ - topological defect embedded 
into SU{N) theory. Analogously to the U{1) case, this 
field can be represented in the following way: 



A' ^A' 



(8) 



We suppose here that the gauge is fixed, in which (||) 
takes place. ^ - is regular part of the gauge field while 
As(E„) has the form (||). 

The considered monopoles are defined by the formula 
and the additional condition (Q) in the gauge in which 
the gauge fields are diagonal along all infinitely small cir- 
cles that link S. Direct check shows that such a configu- 
rations cannot be constructed from the regular fields by 
applying any singular gauge transformations. 

Let us take into account the condition (j^). We can 
express the field strength that corresponds to such a field 
configuration in the following way: 



n 



(9) 



The singularity of d^iAj^ +i{Ai, Aj] along E is canceled 
by the term containing Q. Thus the field strength is 
singular only along the boundary of the surface. It is 
easy to show that the singular gauge fields of the form 
(0) do possess the anomalous Bianchi identity M). 



Now let us consider the influence of theta - term on 
the dynamics of the constructed monopoles. We have 



Q = 



1 



327r2 
] 
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d xc 1,1, (^fj Ti RiijjR- 



^ f d*xTTG*G-^ [ dVTrG,„nii,(10) 
)7r2 y 47r7s 



Here G,, = d[,A^] + A,], nd t'^ = 
Using (0), we obtain Tr [yli,v4j]n = 0. Thus 

Q = / d^xTTG*G - / dx.TvA.n (11) 

IGtt^ J 47r J J 

Careful consideration of the regularization of the first 
term in (|l^) gives us the evidence that it depends only 
upon the values of A at the infinitely distant points. If 
we suppose that the field strength should vanish there, 
we can conclude that this term appears to be the integer 
number of instantons Nins- Under this assumption we 
obtain: 

exp(47rAfiQ) = exp(-i^ / dxiMTrAf^'^'n) (12) 



for integer or half-integer M . Here g[A, E] transforms A 
into the form (||) along E. 

We consider arbitrary SU [N] model and add the con- 
structed above monopoles into it's vacuum "by hands". 
This means that it's measure -D^s is defined in such a 
way that it can be represented as 

DA^^ DADgAFpin)S^in~ ^ .'^\..' ) (13) 
2. y rt-y J Tr (G*-'(*i)*J)2 



where we represent A a.s A — A^ + J2n ^s[^]g^'>^9 and 
denote Gij = d[iAj] + i[Ai,Aj]. The S - function pro- 
vides the constraint, which is imposed on those compo- 
nents of A, which arc dual to E. App is the Faddeev - 
Popov determinant correspondent to this S - function: 
Ap\,in) = jDAS^in - (fg^Ml). Second con- 

straint , n] = is supposed to arise dynamically. We 
assume that the action S makes field strength as regular 
as possible. This provides that it is singular only on the 
monopole worldline (not on the string worldsheet). This 
leads to [A\n] = on E. 
The field strength is 

R''[A] = R'^[A,g] ^ g+{G'^ + 27rn*f7^^' 

+ ^(z[A\n]Ai[E„] +z[n,A^"]A:[E„]))5 (14) 



The partition function of the model with gauge invari- 
ant action S[R\ and with added monopole singularities 
in the presence of the theta - term can be expressed as 
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follows: 



DA^exv{-S{R\ + \'KMiQ{R\) 



J DADgAppin) 

(Trn2)G*J(*t)y 



S{n- 



Tr(G*J(*t)y)2 



)eM-S[R[Ag]]) 



n„exp(-i / dx^M{TT{A,n)) 

J in 



(15) 



Let us consider the following transformation: A — > A, 
which is defined within small vicinity of j. Those com- 
ponents of A, which are along j, transform as A ^ A — 

Ah + h^dh while other components remain the same: 
A = A. We imply that h ^ 1 on the boundary of men- 
tioned vicinity. The measure DA is obviously invariant 
under this transformation. As for the action S[A\, for 
the models we consider in this paper it transforms as 
S[A\ — S[AL\^0{b) (where 6 is the size of mentioned vicin- 
ity). It is due to the following implied properties of S. To 
be more explicit, let us first consider S = (3 J d^xTiR^. 
If we change A into A, condition [A, n] = is broken on 
j. Thus i?*'^ ~ i (where {i) is along j and (fc) is dual 
to S). Change of action is AS" - J d^x-i^ ~ 0{b). It 
is worth mentioning that it is impossible to make such a 
change A ^ A near all E with negligible change of ac- 
tion: in that case constraint [A, n] = becomes broken 
on all E and AS* ^ J cPx^ diverges as ^ log A/, where 
M is ultraviolet cut - off. In this paper we suppose that 
the action behaves under the considered transformation 
in the same way as the simplest one S = f3 J d'^xTrR'^. 
Taking into account this property of the model we have: 



= linife^o J DADhAppin 
(Trn2)G'^(*t)'J' 



Tr(G'J(*i)'J)2 
n„exp(-i / da;,M(Tr (A'^.n)) 



exp{-S[R[A,l]]+0(b)) 



DADgApp{n) 



(Trn;)G-^r.)-^- ^ 
^ Tr(G'J(*i)'J)2 ^ L L , Jj; 

Un J Dhexp{-i dx,Af(Tr (i'\n)) 



DA^expi-S[R[A]]) 
n„ J Dhexp{~i dx,M{TT (Af n)) (16) 
Here G^ = + In the last expression we 

Tr(G*3(*t)'J)2 



denote DA^ = DgApp{n) 6{n- ^"^''j'^ ) and A 



As + J2^A,[E]g+ng. 

Below we use the abelian representation of the Wilson 
loop given in [O: 



W[,][j] = TrPexp(i [dx,A,) 

-'3 

= j D^ij{g)exp{i J dx,TT[A%n 



(17) 



Here the Wilson loop Wq[j] is considered in the irre- 
ducible representation of SU{N) group. The space of 
this representation consists of the tensors ^'iiij...;^. The 
symmetry of 5* is defined by the set of integer numbers 
{i = 1, N~l) (E, q^ ^r,q,> 0). W = "^.H;, 
where numbers represent the highest weight of the 
representation while Hi - is the basis of cartan subalge- 
bra of su{N). 

Explicit definition of the measure D^j(g) can be 
formulated only using some regularization scheme. 
If we consider lattice regularization of the model, 
(|l7| ) can be obtained if we choose D^j{g) — 
{dgiD{q)){dg2D{q))...{dgND{q)), where J dg ^ 1 and 
D{q) is the dimension of representation. (This defini- 
tion follows from completness identity for coherent sys- 
tem: J dg\g){g\ ~ ITf^-) This means that in continuum 
theory ( p^ ) should be used with careful consideration of 
ultraviolet divergences. Particulary, integration measure 
can be expressed through the conventional measure Dg 
(such that / Dg = 1) as follows: 



(18) 



where |j| is the length of the Wilson loop while di- 
verges as niq ~ M log D{q), where M = - is ultraviolet 
cut-off and a is lattice spacing. For any particular model 
rUq must be included into renormalization scheme for the 
mass of correspondent particle. 

Direct calculation shows that nonzero elements of di- 
agonal matrix are expressed as follows {qN ~ 0): 



z = l,...,7V) 



(19) 



For any matrix n = diag(rti, ...,12^) that lives on the 
worldline of the monopole we can choose the represen- 
tation of SU{N) group as follows. Let us arrange the 
values of rii in such a way that tin > un-i > ... > ni. 
The correspondent representation of the gauge group is 
defined by the following set of qi: 



qi(n) = M {hn - rii) 



(20) 



The chosen representation is denoted as [^(n)]. We can 
rearrange the diagonal elements of Til'^")! in such a way 
that it will become equal to the matrix — A/n. This leads 
to the following representation of the partition function: 



[9(n)] 



bn] >, 
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where j„ is the worldhne of the monopole, which car- 
ries the matrix n. As was explained above naively di- 
vergent constant rUg appears, which should be absorbed 
(in correctely defined model) by the renormalization of 
monopole mass. Taking into account this absorbtion we 
redefine the action S{A] as S S = S + X]n™9(n)bn|- 
Finally we arrive at the following expression for the par- 
tition function: 

= (n„W[,(„)][j„]), (21) 

In the last expression average is over the model without 
theta term and with action S. 

In general case in order to obtain integer numbers of 
q, M is required to be integer. But for the particular 
case of SU (2) group 173 is the only Cartan element. Thus 
q = MTr(n(T3) is integer for any half-integer M. For 
this reason we consider in this paper = AttM , where M 
is half- integer for N = 2 and is integer for N > 2. 

The expression (21) gives the evidence that the 
monopoles become dyons. Peculiar feature of this ex- 
pression is that the topological term disappears from the 
partition function. Thus the only infiuence of the theta 
- term on the dynamics is that due to it the monopoles 
become charged. 

Let us mention that not all of the representations ap- 
pear in (|2^). To be more explicit let us enumerate the 
admitted representations. Those representations are de- 
fined by the sets (gi, qN-i) such that qi = NAIL, 
where L is integer. For N — 2 and AI — ^ the full 
set of the irreducible representations of SU{2) appears. 
For = 3 and M = 1 the lowest admitted represen- 
tations are: (3,0),(2, 1),(6,0),(5, 1),(4,2).... For SU{5) 
group the lowest admitted symmetric representation is 
(5,0,0,0). 

This way our consideration of Dirac monopoles embed- 
ded into the SU{N) gauge theory with theta - term shows 
that those monopoles become dyons. It is shown that the 
partition function of the theory with monopole singulari- 
ties added " by hands" is expressed as the vacuum average 
of the product of the Wilson loops that correspond to the 
monopoles. The average should be calculated within the 
SU{N) theory without theta - term. This expression con- 
tains the infinite number of irreducible representations 
of the gauge group. The peculiar feature of the theory 
is that the usual topological charge disappears from the 
expression of the partition function. Another interest- 
ing result is that the rank of the representations, which 



appear in (|2l|), increases with increasing of N. 

As it was mentioned above in the present work we con- 
sider monopole singularities as external and add them 
"by hands" into the functional integral. On the present 
level of understanding we cannot consider these objects 
as appeared dynamically because (as for the case of Dirac 
monopole) we do not define the model, in which the 
correspondent singularity of the gauge field leads to fi- 
nite values of the action. Furthermore, the considera- 
tion of shows that such configurations may be un- 
stable. Nevertheless let us note that a lot of properties 
of "unreal" (from the point of view of abclian theories) 
Dirac monopoles turn out to be inherent to the objects 
of finite energy which are 'tHooft - Polyakov monopoles, 
appeared in more complex model. It might be possible 
that in the same way properties of the considered above 
Dirac monopoles embedded into SU{N) gauge theory 
with theta-term will turn out to be inherent to realis- 
tic objects of some more complex physical model. 
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